The integral operator This chapter consists of four sections. In the …rst section a brief introduction along with de…nition of some related classes is given. We shall also introduce the class B k ( ; ; ; b) in this section. Section two comprises on some preliminary results which are very important and useful for our further discussions, whereas in the next section, we shall investigate some results such as a necessary condition, coe¢ cient bound, arc length and coe¢ cient di¤erence problem. All the contents of this chapter are already published in "Computer and
Introduction
Let V k ( ) denote the class of generalized bounded boundary rotation of order related with Robertson functions and let P (b) ; b 6 = 0 (complex), the class of caratheodory functions of complex order. Then using these classes, Noor and Bukhari [98] de…ned the following class of generalized close-to-convex functions. Using the above concepts we generalize the concept of Bazilevic functions of type .
We de…ne the class B k ( ; ; ; b) as follows: 
where k 2; > 0; 0 < 1; 0 < 1; b 2 C f0g and real, j j < 2 :
Preliminary Lemmas
In this section we include some lemmas which are very useful for our investigations for the main results.
Lemma 4.2.1 Let p be analytic in E with p (0) = 1 belongs to the class P k . Then for
This resut was proved by Noor [82] .
Lemma 4.2.2
If h is analytic with h (0) = 1 and h 2 P (b), then
where z = re i and 0 1 < 2 2 :
Both the above results are proved in [98] .
Main Results
This section comprises the results concerning the class B k ( ; ; ; b) : We derive the necessary conditions for the functions to be in the class B k ( ; ; ; b) ; length of the boundary of the image domain (Length of the image domain), coe¢ cient bound, coe¢ cient di¤er-ence and maximum value of the modulus for the functions in the class. Through out this section we assume that k 2; > 0; 0 < 1; 0 < 1; b 2 C f0g and real, j j < 2 unless otherwise stated.
Necessary Condition
In the following result we shall derive the necessary conditions for the functions f to be in the class B k ( ; ; ; b) :
where 0 1 < 2 2 ; z = re i ; r < 1; and
Proof. We can de…ne, for z = re i ; r 2 (0; 1) ; real, the following
The functions S (z) ; V (z) are periodic and continuous with period 2 : Since f 2 B k ( ; ; ; b) ; therefore from [82] , it follows that we can choose the branches of argument of S (z) and V (z) as
Now we have from (4:3:4) that
Since g 2 Q k (0; ; ; b) ; therefore by using Lemma 4.2.3, we obtain
and from (4:3:3), (4:3:4) and (4:3:5) ; we have
Moreover, from (4:3:3) ; it follows that
:
Which is the required proof.
By using the Lemma 2.5.20, we have the following result. 
Integral Representation
Now we derive the integral representation for the functions to be in the class B k ( ; ; ; b) :
where h 2 P (b), p 2 P k and G 2 R k , the class of bounded radius rotations.
Proof. From (4:1:3) ; we have
where g 2 Q k (0; ; ; b) and p 2 P k . Now using the De…nition 4.1.2, g 2 Q k (0; ; ; b) ; if and only if
where
By De…nition 4.1.1 along with (2:4:11), we have
where g 2 2 V k and h 2 P (b) : By Alexander type relation we have
This implies that
Integrating from 0 to z; we obtain the required result.
Maximum Value of Modulus
Theorem 4.3.3 Let f 2 B k ( ; ; ; b) and M (r) = max
(1 )(
k 2 + 1 cos + 1 + 1; + 1; r 1 ; (4.3.7)
where 2 F 1 is the hypergeometric function.
Proof. From the Theorem 4.3.2, we have
where G 2 V k ( ) ; h 2 P (b) and p 2 P k : It is well known from Lemma 2.4.19 that for -spirallike functions s 1 and s 2 ;
Taking absolute value of both sides, we get
Using the Lemma 2.2.4, Lemma 2.3.11 and the distortion results of the class, we obtain jf (z)j 2
Now for t = ru; we have
Using (2:8:7) for a =
k 2 + 1 cos + 1 + 1; b = and c = b + 1; we obtain M (r) 2
k 2 + 1 cos + 1 + 1; + 1; r 1 :
Hence the proof is complete.
Arc Length Problem
Let C r denote the closed curve which is the image of the circle jzj = r < 1 under the mapping w(z) = f (z) and, let L r (f (z)) denote the length of C r . Also let M (r) = max jzj=r jf (z)j. We now prove the following. where C k ( ; ; ; ; b) is a constant depending upon ; ; ; ; b; and k only.
Proof. We know that, for z = re i ; 0 < r < 1; 0 2 ;
Now from Theorem 4.3.2, we have
where g 2 Q k (0; ; ; b) and p 2 P k : Since g 2 Q k (0; ; ; b), therefore using (4:1:1) and (4:1:2) ; we get
where g 1 2 V k ( ) and h 2 P (b) : This implies that from (2:4:11) and (4:3:10) that
where h 2 P (b), p 2 P k and g 2 2 V k : Now, using Lemma 2.4.16, for g 2 2 V k , there exists a starlike function s and h 1 2 P such that
Also from Lemma 2.3.5, it is given that s 1 is -spirallike function, if and only if, there is a starlike function s such that
; z 2 E: (4.3.13)
From (4:3:11), (4:3:12) and (4:3:13), we obtain
(4.3.14)
where h 1 2 P; h 2 P (b) ; p 2 P k and s 1 is -spirallike function. Since z = re i and
We now using the generalized Holder inequality for m 1 = 2; m 2 = 2 ; m 3 = 4 1 ; m 4 = 4 1 are all positive for 0 < 1; 0 < < 1 such that
we have 
; r ! 1:
Rate of Coe¢ cient Growth
The problem of growth and asymptotic behavior of coe¢ cients is well-known. In the upcoming results, we investigate this problem. (4.3.15) where C k 1 ( ; ; ; ; b) is constant depending upon ; ; ; ; b and k only.
Proof. Since with z = re i ; Cauchy theorem gives
Using Theorem 4.3.4, we obtain
Taking r = 1 1 n ; we have
which is the required result.
Coe¢ cient Di¤erence
In the theorem below, we discuss the coe¢ cient di¤erence problem for the class B k ( ; ; ; b) : where C k 2 ( ; ; ; ; b) is a constant depending upon ; ; ; ; b and k only.
Proof. We know that
where h 1 2 P; h 2 P (b) ; p 2 P k and s 1 is -spirallike function, therefore j(n + 1) a n+1 na n j 1 2 r n Using the Lemma 2.1.1, we get j(n + 1) a n+1 na n j 1 2 r n M 1 (r) r Putting j j = r = n 1+n
; we have the required result.
Conclusion
In this chapter we used the class Q k (0; ; ; b) and the class P k to de…ne a class of generalized Bazilevic functions of type . We have investigated some results such as a necessary condition, coe¢ cient bound, arc length and coe¢ cient di¤erence problem.
